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Abstract 
It is proved that the Durand-Kerner polynomial-root-finding method is globally convergent when it is applied to the 
equation z3 = 0. The behavior of orbits with real initial values is chaotic, in contrast to the balanced convergence with 
complex initial values. 
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1. Introduction 
Let p(z)= zd+ a lzd - lq  - " "  -t-ad be a monic polynomial with complex coefficients. The 
Durand-Kerner method is an iterative algorithm for finding all the roots of p(z) simultaneously. It 
was first used by Weierstrass 1,9] and was later proposed independently b Durand 1,2], Dochev 
I-1], Pre§i6 1,7] and Kerner 1,4]. For a general survey we recommend [11]. 
The procedure of the Durand-Kerner method is as follows. At first we give an initial value 
z(°)= (z~ °), ... ,Ztd0)) ~ C d. The sequence of approximations {z(~)}~>o is defined inductively by 
z (~+1) = Fp(z (v)) where Fp is the rational map 
.p(z,__2 ) 
G(z) = z ,  - 171=, .  j ~, (z ,  - z j )  1 <., <.d (1) 
The sequence {z (~)} is expected to converge to some 
~o" = (~)o(1), "",7~(d)) ~ cd ,  
where ~'1, ..., 7d are the roots of p(z) counted with multiplicity and where a is a permutation of 
indices {1, ..., d}. We often call the map Fp itself the Durand-Kerner method for p(z). 
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The Durand-Kerner  method applied to quadratic polynomials is known to be globally conver- 
gent [3]: almost every initial value z ~°) has an orbit which converges to one of 7,. It is easy to see 
that the dynamics of Fp is very simple in this case: if a quadratic polynomial p(z)  has distinct roots, 
then the map Fp can be reduced to the map z ~ z 2 of one variable; if p(z)  has a multiple root, Fp is 
reduced to the map z ~ z/2.  Note that the mapping Fp on the complex line zl + z2 = - al is 
conjugate to the Newton method z ~ z - p(z) /p ' (z ) .  
In this paper we reduce the dynamics of the Durand-Kerner  method to a rational map of one 
variable which is called a finite Blaschke product, when it is applied to the equation z3 = 0, or to 
the equation z4 = 0 for the special initial values (z, w, - z, - w). As a consequence of this reduction 
it is proved that the method is globally convergent, and that almost every initial value will follow 
the balanced convergence of Miyakoda [6]. 
In contrast o the balanced convergence of complex orbits, we show that the dynamics for real 
initial values is chaotic, i.e., ergodic in the quotient space, and that the global convergence still 
holds true. The "speed of linear convergence" for real initial values which we define by 
lim (11 z II/II z <°) I1)1/" 
71---->00 
is proved to be 1 - l /d ,  which equals the speed of linear convergence of complex balanced orbits. 
2. Preparation 
Here we recall some known properties of the Durand-Kerner  method, and some terminology of 
dynamical systems theory. The domain of definition of the map Fp denoted by dom(Fv) is the 
complement of hyperplanes xi - x~ = 0 where 1 ~< i < j  ~< d. A point z ~ dom(Fp) is called a fixed 
point of the mapping Fp if Fp(z) = z. If p(z) has distinct roots, it is known that z is a fixed point of Fp if 
and only ifz = y, for some a, and that each 7, is superattractive: the derivative of Fp at y, vanishes, if
p(z)  has a multiple root, Fp has no fixed point since y, is outside dom(Fp). However, the method still 
seems to be globally convergent. 
Dochev [1] has mentioned that the image Fp(z) of any point z e dom(Fp) lies in the hyperplane 
H:  z l  + ... + Zd = -- a l .  
This means that the phase space can be restricted to H, which we shall call the Dochev hyperplane. 
There are many proofs for this fact, see the survey [11]. 
The "balanced convergence toward multiple roots" of the Durand-Kerner  method, which is 
shown by Miyakoda [6-l, is the following property. Apply the method to the equation p(z)  = z a. 
The initial value (co,¢1), .-., co,~a)), where co = exp(2rcx / -  1/d)  is a root of unity and a is a permu- 
tation of indices {1, . . . ,  d}, satisfies the following formula, 
Fv(co.(1,, ... ,co,Ca))= (1 -  ~)(co,¢1), ... ,co,ca)), 
and has the orbit which converges to the origin with linear convergence speed 1 - 1/d. Moreover, 
the ratio 
[Z I :  . . .  :Zd] = [(.0o'(1): . . .  : co , (d ) ]  (2) 
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is a stable fixed point in the projective space PC a - '  = (C a - {0} !/(C - {0}). That is, if our initial 
value has the ratio [z~°): ... :z~a°)], near (2), then the sequence [z~): ... :z~)]will converge to (2)in 
pC d- 1 as v ~ oo, which implies that the orbit {(z~ v), ... ,z~aV))} in C a will converge to the origin with 
linear convergence speed 1 - 1/d. By definition, the attracting region of the fixed point (2) is the 
open subset of PC d- ~ consisting of the ratios of initial values, the ratios of whose orbits are 
attracted by (2). 
3. Balanced convergence of complex initial values 
Apply the Durand-Kerner  method to the equation p(z) = z 3 = 0. The invariant Dochev plane is 
written by H: Zl + z2 + z3 = 0. We will show the following theorem. 
Theorem 3.1. The ratio of the initial value z ~°) = (Z1,Z2,Z3) ~. H belongs to the attracting region of 
the stable fixed ratio [1 :co:co 2] if and only/f lm(z2/zl)  > 0; or to the attracting region of the ratio 
[1" co 2" co] if and only/ f lm(z2/z0 < 0. The linear convergence speed to the origin for such an initial 
value is z3. 
Here Im(z) denotes the imaginary part of z. 
It is then straightforward to show the global convergence of Fp for the equation z3 = 0, starting 
with the initial values in the whole phase space C 3 instead of the Dochev plane H. This is because 
the preimage under Fp of the set of "bad" initial values z t°) = (zl, z2, z3) e H such that z2/zl e R, 
which is a null subset of H, is also a null subset of C 3 since the derivative (dFp)z from the tangent 
space of C 3 at z to the tangent space of H at Fp(z) is of full rank whenever z e dom(Fp). 
Corollary 3.2 (Complex global convergence). I f  Fp is the Durand-Kerner method applied to the 
equation z3 = O, then almost every initial value z e C a has the well-defined orbit which converges to 
the origin with linear convergence speed 2. 
Proof  of Theorem 3.1. We observe that the Durand-Kerner  method Fp applied to the equation 
p(z) = z d = 0 is "homogeneous" in the sense that 
Fp()~z,, . . . ,  2za) = 2Fv(zl, . . . ,  za) (3) 
for ;~ ~ 0 and for (zl, ... ,za) e dom(Fv). 
Ifp(z) = z 3, the mapping Fv on the Dochev plane H is thus reduced by (3) to the mapping of one 
variable 
u(u + 2)(u z -- u - -  1) 
f(u) = (2u + 1)(u 2 + u -- 1) 
under the variable change (zl, z2, z3) = (1, u, - 1 - u). The mappingf is  conjugate o the function 
v(2v s + 1) 
f (v ) -  v 3+2 (4) 
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under the M6bius transformation v = (u - o)/(~ou - 1) where w = ( -  1 + x / -  3)/2. The mapping 
f is called a finite Blaschke product, and in this case has the following property. 
Proposition 3.3. Let 
av d + 1 
f (v )  = v va + a , 
where a > 1 is real and d >>. 1 is an integer. The stable f ixed points o f f  are the origin and the point at 
infinity. The attracting regions are: the unit disk I v l < 1 for the origin, and the exterior of  the unit disk, 
Iv[ > 1,for the point at infinity. The unit circle Ivl = 1 is invariant under f
Proof. If [ v[ = 1, then we have ~ = v- 1 and 
f~)  2 av d + 1 2 (av d + 1)(av -d + 1) 
_ = v d+a = (v d+a) (v  -d+a)  =1" 
By the maximum principle, we have [f(v)/vl < 1 whenever Ivl < 1. This means that the absolute 
value of the orbit fn(v) decreases and tends to zero whenever I vl < 1. Similarly by the min imum 
principle, we have If(v)/v[ > 1 whenever Ivl > 1. This implies that f~(v)--, ~ as n--, ~ when 
Ivl > 1. [] 
As a side story note that the map (4) has properties f (1 /v)  = l / f  (v) and f(ogv) = ogf(v). These 
symmetries are inherited ones from that of Fp with respect to the linear automorphisms 
l~(zl, z2, z3) = (z~o), z~(2), z~(a)), that is, Fp o l~ = l~ o Fp. 
Theorem 3.1 is now shown by the following correspondences between the subsets of the Riemann 
sphere of the variable v and the subsets of the Dochev plane H: the unit circle I vl = 1 corresponds 
to the subset of initial values whose ratios are real, [z~ :z2 :z3] e PR2; the unit disk Ivl < 1 to the 
subset of initial values (zl, z2, z3) e H such that Im(z2/z l )  > 0; the outside of the unit disk I vl < 1 to 
the subset of initial values (zl, z2, z3) e H such that Im(z2/zO < 0; the stable fixed point v = 0 to the 
ratio [Z I :Z2 :Z3]  = I-l'fo:O)2]; and v = ~ to [1 :~2"(.o]. [] 
4. Chaotic convergence of real initial values 
In this section we will show the global convergence for real initial values. 
Theorem 4.1 (Real global convergence). Almost every value (zl,  z2, - zl  - z2) in the real Dochev 
plane HnR 3, or in the whole real phase space •3 as a consequence, has the well-defined orbit which 
converges to the origin with linear convergence speed z3. 
Proof. We consider the logarithm of the linear convergence speed 
lim 1 v-1 - ~ log(~P(Z(1))) 
v~oo l) i=0  
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for real initial values lying on the Dochev plane, where tp(z) = [I Fp(z)II/II z II, It is rewritten as 
lim 1 "-1 - ~ ½1og(~(f;(v))), (5) 
v-~oo n i=0 
where ~(v) = (2v 3 + 1)(v 3 + 2)/9(v 3 + 1) 2 and the mappingf is  defined in (4). We will show that f is  
ergodic on the unit circle with respect to the Lebesgue measure. Then the limit (5) exists for almost 
every v on the unit circle, and equals the integral 
1 ~ log tp(v) dr. 
2~ Jlvl = 1 2 
This is equal to log z3, which shows the convergence for initial values on the real Dochev plane. The 
global convergence on the real phase space R3 is shown as in the complex case. [] 
Let us show that the mappingf is  ergodic on the unit circle with respect to the Lebesgue measure. 
Recall that a C a mapfo f  a closed manifold N is called an expanding endomorphism if there exists 
n > 0 such that II (Dxf")u II > II u II for all x ~ N and for all u ~ TxN. 
Lemma 4.2. The function f (v) defined in (4) is an expanding endomorphism on the unit circle. 
Proof. If I vl = 1 we have 
2(V 6 q- 7V 3 q- 1) 1 + 
If'(v)l = 2v 6 q_ 5V 3 q_ 2 = 
9 
5 + 2(v 3 + v-a) 
>~2. [] 
Lemma 4.3. l f  f is an expandin9 endomorphism of a closed manifold M, and its derivative Dxf is 
a HOlder continuous function of x, there exists a uniquef-invariant probability measure # absolutely 
continuous with respect o Lebesgue measure. The mappin Of is ergodic with respect o #. 
See I-5] for the proof. 
In fact, the invariant measure # coincides with the Lebesgue measure itself: 
Proposition 4.4. The function f (v) defined in (4) preserves the Lebesgue measure on the unit circle. 
Proof. It suffices to show that the Perron-Frobenius equation 
1 
- -  - 1 (6) 
~¢i-ltcj I f'(v)l 
holds for every Icl = 1. The left-hand side equals 
2V 6 -1- 5V 3 -F 2 
2(V 6 -F 7V 3 q- 1)' 
where v runs over the roots of the polynomial 2v 4 + v - c(v 3 + 2). A simple calculation shows that 
the sum is independent of c, and equals 1, by using the relation between coefficients and roots of 
a polynomial. [] 
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5. Equation z 4 = 0 with complex  or real initial values (z, w, - z, - w) 
In this section we show that a similar argument holds if we consider the Durand-Kerner  method 
applied to the equation p(z)= z4= 0 where the initial values are restricted to the form 
(z ,  w ,  - z ,  - w) .  
The dynamics of Fp is reduced to the mapping of one variable 
U 2 - -  2 
O(u) = u 2u 2 _ 1 
under the variable change (z, w, - z, - w) = (1, u, - 1, - u). The mapping ~ is conjugate to the 
Blaschke product 
3V 2 ÷ 1 
g(v)  = V V2 ÷ 3 
by the M6bius transformation v = (x / -1  - u)/(x/~- 1 + u). Proposition 3.3 again applies to the 
mapping 9, and we are ready to show the following theorem. 
Theorem 5.1 (Complex balanced convergence). The ratio of the initial value z t°) = (z, w, - z, - w) 
belongs to the attracting region of the stable fixed ratio [1 :x / - l :  - 1: - x/--_1 ] /f and only if 
Im(w/z) > 0; or to the attracting region of the ratio [1" -x / -  1: -1 :  -x / l -1  if and only if 
Im(w/z) < O. The linear convergence speed to the origin for such an initial value is ¼. 
Proof. It suffices to observe the following correspondences: the unit circle I vl = 1 corresponds to 
the set of initial values whose ratios are real, [z:w: - z: - w] e PR3; the unit disk Ivl < 1 to the 
set of initial values (z, w, - z, - w) such that Im(w/z) > 0; the exterior of the unit disk, Ivl > 1, to 
the set of initial values (z, w, - z ,  -w)  such that Im(w/z)< 0; the stable fixed point v = 0 to 
the ratio [ z 'w ' - z ' -w]=[ l :x / - l ' - l ' - x / -1 ] ;  and v= oo to [ l ' - x / - l "  
- l : x / -  1].  [ ]  
The mapping g is an expanding endomorphism on the unit circle because 
16 
Ig'(v)l = 1 + 10 + 3(v 2 + v -2) >~ 2. 
Theorem 4.3 again applies to the mapping g, which shows that g is ergodic on the unit circle with 
respect to some measure/~. By ergodicity of g, the logarithm of the linear convergence speed for real 
initial values (z, w, - z ,  -w) ,  which is a function that depends only on v, is constant almost 
everywhere with respect o the measure/~, and is written by the integral 
1 I ½log 3v4 + 10V2 + 3 
vl=l 16(v 2 + 1) 2 d#. (7) 
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The measure p is in fact the Lebesgue measure because Eq. (6) holds: the left-hand side is written 
by 
3v 4 + 10v 2 + 3 (8) 
2 3v4 q_ 26v2 q_ 3 '  
where v runs over the roots of the polynomial  3v 3 -b v - c(v 2 -1- 3) with I cl = 1. The integral (7) with 
respect o the Lebesgue measure # is equal to log¼. We thus obtain the following result. 
Theorem 5.2. Almost every real initial value of  the form (z, w, - z, - w) ~ •4 has the well-defined 
orbit which converges to the origin with linear convergence speed 3 
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